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Question 1

The Riemann tensor in N spacetime dimensions has components R%,,.. We
define Rupeqd = GaeFtca- The Riemann tensor satisfies the identities

Ra.bcd = _Rbacd = _Rabdc y (l)
Ra.bcd + Radbc + Raca‘.b =0. (2)

(1.1) Show, by using equations (1) and (2), that

Rabcd = Rcda.b . (3)

From now on we assume that the number of spacetime dimensions N is equal
to 3.

(1.2) Show that for N = 3 the Riemann tensor can be expressed in terms of
the Ricci tensor as follows:

1
Rﬂ'bcd = -—:q—Eabeecdf(Rfe —_ %5"'3}2) ) (4)
where
Rabcd = gbeRaecdy (5)
g = det (ga), (6)



and €% is the completely anti-symmetric Levi-Civita symbol in 3 dimensions

(€912 = 1),

Hint: Use the identities {without proof)

ey RSy = —4g(R% — 16%R), (7)
Eabeﬁcde = g(éacébd - 5bc($ad) . (8)

(1.3) Show that the result of question (1.2) implies that every solution of
the Einstein equation with T, = 0 describes a flat space.

{1.4) Take Ty = Agas, with A is constant. Show that every solution of the
Einstein equation corresponds to a maximally symmetric space.

Question 2

The Maxwell equations in a four-dimensional curved space can be written in
the form

V FH =g, (9)
VAF#V+V,,F,\#+V“FUA = 0. (10)

Here F' is the anti-symmetric field-strenght tensor and j the current. The
covariant derivatives are with respect to the metric connection.

(2.1) Show that equation (10) for F),, is equivalent to

OnFop + 0, Fay + 0uF = 0. (11)

Hint: The covariant derivative of a contravariant vector V* and a covariant
vector W, are given by

V.,V = Vi T VA,
v, W, W, — T} W,. (12)
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(2.2) We write

F,, = 0,4, —8,A,, (13)

where A, is a covariant vector. Show that the F},, defined in this way is a
covariant tensor by showing that

A, —0,A, =V, A, —V, A, (14)
Show that this F},, is a solution of equation (10).
(2.3) Show that equation (9) may alternatively be written as

0, (V=9gF*) = v/=g3*, (15)

with g = det (g,.). Hint: the metric connection is given by

1
I = 58 (0utio + o — Ooin}. (16)

Furthermore, we have the identity
apg = ggpaa,ugpa . (17)
(2.4) Show that equation (9) implies that

V.* =0. (18)

Question 3

Two observers, A and B, find themselves in free fall in orbits of constant r
in the Schwarzschild metric (we take ¢ = 1)
2 2m. _
ds? = (1 - -?-)dtﬂ — (1 Iy 246 4 sin20dg?) . (19)
T
The orbits are in the plane 8 = 7/2 and have a radius r4 = 4m, r5 = 4*3m.
At the time ¢ = 0 the observers A and B both go through the point with

é=0.



For circular, timelike geodesics with radius r we have

r

(0 = —o— = (6)*’/m, (20)

where the dot indicates differentiation with respect to the proper time.

(3.1} Calculate the coordinate time At4 that observer A needs for one rev-
olution.

(3.2) How much time A74 does observer A need for one revolution according
to his own watch?

(3.3) The clock of observer B is lighted and can be read from a distance
by observer A. What time difference (A7g)" does A see at the watch of B
between two successive passages of B through the point with ¢ = 07 How
much time (A74)" has evolved in the meantime according to his own watch?

(3.4) Observer A now uses his rocket motors to stop at the point with
coordinates r = 4m, 8 = 7/2, ¢ = 0. He repeats the observations of question
(2.3). What are now the results of these observations, i.e. what are now the
values of (Arg) and (A7)’ 7



